Complex structures used in various engineering applications are made up of simple structural members like beams, plates and shells. The fundamental frequency is absolutely essential in determining the response of these structural elements subjected to the dynamic loads. However, for short beams, one has to consider the effect of shear deformation and rotary inertia in order to evaluate their fundamental linear frequencies. In this paper, the authors developed a Coupled Displacement Field method where the number of undetermined coefficients 2n existing in the classical Rayleigh-Ritz method are reduced to n, which significantly simplifies the procedure to obtain the analytical solution. This is accomplished by using a coupling equation derived from the static equilibrium of the shear flexible structural element. In this paper, the free vibration behaviour in terms of slenderness ratio and foundation parameters have been derived for the most practically used shear flexible uniform Timoshenko Hinged-Hinged, Clamped-Clamped beams resting on Pasternak foundation. The findings obtained by the present Coupled Displacement Field Method are compared with the existing literature wherever possible and the agreement is good.
Introduction
The Winkler foundation model is considered as an infinitely closely spaced springs put together. In actual situation this model neglects the shear interaction between the adjacent springs which can not represent the characteristics of many practical foundations. The Pasternak foundation model is an alternative model for the Winkler foundation in which the shear interaction between the springs is considered to increase the flexibility of the foundation model. The Winkler foundation model is a simple and single-parametric foundation model while the Pasternak foundation model is a two-parametric foundation model which represents the foundation parameter characteristics more accurately for practical purpose. The model proposed by Pasternak assumes the existence of shear interaction between the spring elements by connecting those elements to a layer of incompressible vertical elements. C.F. Lü, C.W. Lim and W.A. Yao [1] presented a simplistic method which describes the stresses and displacements of beams on a Pasternak elastic foundation based on classical two-dimensional elasticity theory. C. Franciosi and A. Masi [2] did a finite element free vibration analysis of beams on two-parameter elastic foundation using exact shape functions. Ivo Caliò & Annalisa Greco [3] analysed axially-loaded Timoshenko beams on elastic foundation through dynamic stiffness matrix method. Joon Kyu Lee et al. [4] studied the free vibrations of prismatic beams resting on Pasternak foundation by giving special attention to the bending-twisting of the beams by deriving governing differential equations and solving them by using the combination of Runge-Kutta and Regula-Falsi methods. M.A. De Rosa [5] worked on free vibrations of Timoshenko beams resting on two parametric elastic foundation by taking two variants of the equation of motion in which the second foundation parameter is a function of the total rotation of the beam or a function of the rotation due to bending. M.A. De Rosa and M.J. Maurizi [6] found out the influence of concentrated masses and the Pasternak soil on the free vibrations of Euler beams. M. Karkon and H. Karkon [7] introduced an element formulation for free vibration analysis of Timoshenko beam on Pasternak elastic foundation using finite element method. Meera Saheb. K. et al. [8] studied free vibration analysis of Timoshenko beams using Coupled Displacement Field method for uniform Timoshenko beams for different beam boundary conditions. Mohamed Taha Hassan and Mohamed Nassar [9] studied the static and dynamic behaviour of a Timoshenko beam subjected to a static axial compressive load and a dynamic lateral load resting on a two parameter foundation using Adomian Decomposition Method (ADM) in which the natural frequencies for free vibration and beam response in forced vibrations are calculated. Nguten Dinh Kien [10] presented finite-element formulation for investigating the free vibration of uniform Timoshenko beams resting on a Winkler-type elastic foundation and pre-stressing by an axial force. P. Obara [11] executed vibration and stability analysis of uniform beams supported on two parameter elastic foundation. S.Y. Lee, Y.H. Kuo, and F.Y. Lin [12] investigated the influence of the Winkler elastic foundation modu-lus, slenderness ratio and elastically restrained boundary conditions on the critical load of Timoshenko beams subjected to an end follower force. T.M. Wang and J.E. Stefens [13] worked on both free and forced vibrations of continuous Timoshenko beams on Winkler-Pasternak foundations in which the general dynamic slope-deflection equations include the combined effects of rotary inertia and shear deformation. T.M. Wang and L.W. Gagnon [14] considered the dynamic analysis of continuous Timoshenko beams on Winkler-Pasternak foundations by means of the general dynamic slope-deflection equations. T. Yokoyama [15] offered a finite element technique for determining the vibration characteristics of a uniform Timoshenko beam-column supported on a two-parameter elastic foundation in which the beam-column is discretized into a number of simple elements with four degrees of freedom at each node. T. Yokoyama [16] studied the parametric instability behaviour of a Timoshenko beam resting on an elastic foundation of the Winkler type by the finite element technique.
W.Q .Chen, C.F. Lü and Z.G. Bian [17] used a mixed method which consists of state space method and differential quadrature method to find the free vibrations of beams resting on a Pasternak elastic foundation. The aim of the present paper is to develop a procedure to reduce the number of undetermined coefficients from 2n to n in a general sense and for a single term approximation, from two to one [8] . This simplifies the solution procedure enormously by almost a factor of two for Timoshenko beams. This is achieved based on the concept of the Coupled Displacement Field (CDF) method, which was successfully applied by the authors [8] . To explain the ease of the present method, the expressions for fundamental frequency parameter values are obtained for uniform shear flexible Timoshenko beams with Hinged-Hinged, Clamped-Clamped beam boundary conditions.
Coupled Displacement Field method (CDF)

Coupling equation
From the kinematics of a shear flexible beam theory (based on the Timoshenko beam theory)ū (x, z) = zθ (1)
wherew is the transverse displacements at any point of the beamū is the axial displacement at any point of the beam and z is the distance of the any point from the neutral axis, θ is the total rotation anywhere on the beam axis, w is the transverse displacement and x, z are the independent spatial variables. The axial and shear strains are given by 
The strain energy is represented by U and the work done is represented by W , and the expressions are given by
G A is the shear rigidity and EI is the flexural rigidity, k is the shear correction factor (= 5/6), p(x) is the static lateral load per unit length acting on the beam, I is the area moment of inertia, E is the Young's modulus, G is the shear modulus, A is the area of cross section, x is the axial coordinate and L is the length of the beam. Applying the principle of minimization of total potential energy as
the following static equilibrium equations can be obtained
where θ represents the total rotation and w is transverse displacement.
Equations (8) and (9) are coupling equations and can be used for getting the solution for the static analysis of the shear-deformable beams. By observing the equation (8) carefully one can see that, it depends on the load term p and the equation (9) is independent of the load term p. Hence, the equation (9) is used to combine the total rotation θ and the transverse displacement w, such that the two unknown coefficients problem becomes a single unknown coefficient problem and the final linear free vibration problem becomes very simpler to solve.
The concept of Coupled Displacement Field method is explained in detail. In Coupled Displacement Field method (CDF), using the single term admissible function for total rotation, the function for transverse displacement one can derive using the coupling equation (9) . The assumed admissible function for total rotation satisfies all the applicable boundary conditions such as kinematic, natural boundary conditions and the symmetric condition. For Hinged-Hinged uniform Timoshenko beam, the admissible function for (m th mode of vibration) the total rotation is assumed as
where m is the mode number, a is the central lateral displacement of the beam which is also the maximum lateral displacement. Rewriting equation (9) 
First and second differentiation of equation (10) with respect to x is given as follows
By substituting the value of (10), (13) into equation (11), and after simplification the following expression can be obtained
By integrating the above equation, the lateral displacement can be obtained as
where γ = EI kG A and ζ = x L . It is observed from equation (10) and equation (15) that the θ distribution and the transverse displacement w, contains the same unknown coefficient a and equation (15) satisfies all the kinematic, natural and symmetric beam boundary conditions
Linear free vibrations
Linear free vibrations can be studied, once the Coupled Displacement Field for the lateral displacement w, for an assumed θ distribution is evaluated, using the principle of conservation of total energy at any instant of time, neglecting damping, which states that total energy is constant when the structural member is vibrating
The expression for strain energy stored in the beam due to bending and transverse shear force is given as
Substituting the equations (10), (12) and (14) into the above equation and after simplification
The term sin(2πm) = 0 for m = 1, 2, 3, 4, 5 . . . so the above equation becomes (for 1st mode)
Strain energy stored due to two parameter foundation can be calculated as
where K w is the Winkler foundation stiffness and K p is the Pasternak foundation stiffness. Substituting the equations (14) and (15) into the above equation and after simplification
, the total strain energy stored in the beam due to deformation and foundation can be calculated as
Substituting equation (19) and (22) into the above equation and after simplification
The expression for kinetic energy is
Substituting equations (10) and (15) in the above equation and after simplification
For first mode
by applying the Lagrangian
After simplification, the non-dimensional frequency parameter is obtained and is given as
where λ = ρAω 2 L 4 EI , β = L r is the slenderness ratio.
The above expression is used to calculate the frequency parameter values for any number of modes (m = 1, 2, 3, 4, 5, 6 . . . n modes). If m = 1, then it becomes fundamental frequency parameter i.e Table 3 and compared with the existing literature. The frequency parameter values for Hinged-Hinged uniform Timoshenko beam resting on Pasternak foundation at second mode is also calculated by putting the value of m = 2 in equation (29) and these values are shown in Table 4 .
In the reference [17] , the thickness to length ratio, i.e., H L is being converted in to the slenderness ratio β = L r , which we know
and for rectangular section of thickness H and width b
By solving equations (30) and (31) the value of r becomes r = H √ 12 .
The same procedure is followed as discussed in the above section, for calculating fundamental frequency parameter for the given Clamped-Clamped beam boundary condition resting on Pasternak foundation.
Numerical results and discussion
The concept of Coupled Displacement Field method is demonstrated to determine the linear non-dimensional fundamental frequency parameter values of uniform Timoshenko beams resting on Pasternak foundation with the two most practically used such as Hinged-Hinged, Clamped-Clamped beam boundary conditions.
The beams considered here are with axially immovable ends. Suitable single term trigonometric/algebraic admissible function is used to represent the total rotation (θ) in the Coupled Displacement Field method. The corresponding coupled lateral displacement (w) is derived using the coupling equation. Numerical results (the non-dimensional fundamental frequency parameter) are obtained in terms of foundation parameters and slenderness ratios. To assess the accuracy of the results, the present results obtained from the Coupled Displacement Field method are compared with the existing literature. Table 1 shows the expressions, such as total rotation (trigonometric function), derived transverse displacement and linear non dimensional fundamental frequency parameter for Clamped-Clamped beam boundary condition resting on Pasternak foundation. Table 2 shows the expressions for total rotation (algebraic function), transverse displacement and frequency parameter for Clamped-Clamed uniform Timoshenko for second mode. Table 1 . Expressions for total rotation, derived transverse displacement and fundamental frequency parameter for Clamped-Clamped beam boundary condition resting on Pasternak foundation
Parameters
Expression for It is observed from Table 3 and Table 4 that the fundamental frequency parameter increases with the increase of Pasternak foundation parameter for a given Winkler foundation parameter. It is in general, observed from Table 3 and Table  4 that the fundamental frequency parameter increases with the increase of slenderness ratio for a given Pasternak and Winkler foundation parameter. It is found from Table 3 and Table 4 that the fundamental frequency parameter increases with the increase of Pasternak foundation parameter for a given Winkler foundation parameter and slenderness ratio. It may be noted here that the results obtained using coupled displacement field method for the Timoshenko Hinged-Hinged and Clamped-Clamped beams with and without foundation match very well those of Table 5 . [17] ref. [6] ref. [7] ref. [17] ref. [6] ref. [7] ref. [ Similar trend is also observed as discussed in the above section for the case of uniform Timoshenko Clamped-Clamped beam boundary condition resting on Pasternak foundation. It is in general observed from Table 5 and Table 6 that more frequencies are observed in the case of uniform Timoshenko Clamped-Clamped beam boundary condition when compared to the Hinged-Hinged beam boundary condition. Stiffening effect has been observed in the case of uniform Timoshenko Clamped-Clamped beam boundary condition.
Conclusions
It is shown that the present CDF method provides a unified approach for the vibration analysis of Hinged-Hinged, Clamped-Clamped beams resting on the Pasternak foundation, compared to the exact values and other existing open literature. The beams considered here are axially immovable ends. Using the present formulation, the values of fundamental frequency parameter is calculated for a twoparameter elastic foundation such as Winkler and Pasternak one. In this method, because of the use of the coupling equation which couples the total rotation and transverse displacement, the computational efforts for solving the free vibration problem are reduced. Numerical results, in terms of frequency parameter in terms of several slenderness ratios, Winkler foundation parameters and Pasternak foundation parameters for the first mode and second mode, are presented in this paper for the most practically used beam boundary conditions such as Hinged-Hinged, Clamped-Clamped. The accuracy of the results are presented in Tables 3, 4 ,5 and 6.
